In this paper we study the nonperturbative corrections to the generalized Konishi anomaly that come from the strong coupling dynamics of the gauge theory. We consider U (N ) gauge theory with adjoint and Sp(N ) or SO(N ) gauge theory with symmetric or antisymmetric tensor. We study the algebra of chiral rotations of the matter field and show that it does not receive nonperturbative corrections. The algebra implies Wess-Zumino consistency conditions for the generalized Konishi anomaly which are used to show that the anomaly does not receive nonperturbative corrections for superpotentials of degree less than 2l + 1 where 2l = 3c(Adj) − c(R) is the one-loop beta function coefficient. The superpotentials of higher degree can be nonperturbatively renormalized because of the ambiguities in the UV completion of the gauge theory. We discuss the implications for the Dijkgraaf-Vafa conjecture.
Introduction
Recently there has been a renewed interest in the study of N = 1 supersymmetric gauge theories thanks to the work of Dijkgraaf and Vafa [1] , [2] , [3] who used string theory arguments to calculate holomorphic data of a large class of gauge theories in terms of an auxiliary matrix model. The bosonic potential of the matrix model is the superpotential of the gauge theory. Identifying the generating function for the glueball moments with the matrix model resolvent, the effective superpotential of the gauge theory with the massive scalar integrated out was related to the planar matrix model free energy. For the U (N ) gauge theory, the nonperturbative part of the superpotential comes from the measure of the matrix model and is given by a sum of Veneziano-Yankielowicz superpotentials of the U (N i ) subgroups. The perturbative part is given by a sum of planar diagrams of the matrix model.
The conjecture can be studied without recourse to string theory arguments. For a pedagogical introduction to the gauge theory methods used to study the Dijkgraaf-Vafa conjecture, see [4] . The authors of [5] gave a field theory argument showing that the Feynman diagrams contributing to the perturbative part of the glueball superpotential reduce to matrix model diagrams. A different approach was pursued in [6] using the chiral ring of the gauge theory. The generalized Konishi anomalies of the chiral rotations of the adjoint field imply constraints between chiral operators. These constraints have the same form as the loop equations of the matrix model in the planar limit. Hence the effective superpotential can be expressed in terms of the matrix model free energy up to a coupling independent term which can by seen to be a sum of Veneziano-Yankielowicz superpotentials by taking the limit of large couplings of the superpotential.
To complete the above argument it is necessary to verify that the generalized Konishi anomaly equations remain valid nonperturbatively and that the low energy effective description of the gauge theory in terms of the glueball fields is correct. In [6] it was suggested that one can prove the absence of corrections to the generalized Konishi anomaly by showing that the algebra of chiral rotations of the matter field does not have nonperturbative corrections and then arguing along the lines of Wess-Zumino consistency conditions that the anomalies do not have nonperturbative corrections. In this paper we carry out this proposal. We show that the Konishi anomaly does not have nonperturbative corrections for superpotentials of degree less than 2l + 1 where 2l = 3c(Adj) − c(R) is the one-loop beta function coefficient.
The consistency conditions do not completely fix the nonperturbative corrections to anomaly for superpotentials of a degree higher than 2l. Such corrections are expected due to ambiguities in the definition of highly nonrenormalizable operators like Tr Φ n [7] , [8] and [9] . We show that all the ambiguities can be absorbed into nonperturbative redefinition of the superpotential. There are additional UV ambiguities for gauge theories which are not asymptotically free coming the freedom in their UV completion. For these theories our proof does not apply because Λ 2l has zero or negative dimension, whence there are infinitely many types of corrections of a given dimension. The consistency conditions are not powerful enough to constrain these corrections uniquely. In summary, in this paper we prove the absence of nonperturbative corrections to the generalized Konishi anomaly that come from strong coupling dynamics and determine the form of corrections for high degree superpotentials.
The proof can be applied to gauge theories whose algebra of chiral rotations of matter fields forms an extension of a partial Virasoro algebra. For example it is possible to consider matter in other than adjoint representation. In particular we show nonrenormalization of the generalized Konishi anomaly for SO(N ) and Sp(N ) gauge theories with matter in the symmetric or antisymmetric representation. The nonrenormalization of the generalized Konishi anomaly for Sp(N ) with the antisymmetric tensor is expected in the light of recent results [10] and [7] that demonstrated agreement between the effective superpotential obtained using Konishi anomalies with the dynamically generated superpotential approach [11] , [12] . The papers [10] and [7] resolved a puzzle raised in [13] , [14] and [15] about the application of Dijkgraaf-Vafa correspondence for Sp(N ) with antisymmetric matter.
Organization and Results of the Paper
In section 2 we introduce the algebra of chiral rotations of the matter field and show that it is an N = 1 extension of a partial Virasoro algebra. We consider the U (N ) gauge theory with adjoint scalar to keep the discussion concrete. In section 3 we discuss the generalized Konishi anomalies of the chiral rotations and use the Virasoro symmetry to derive Wess-Zumino consistency conditions for the anomalies. In section 4 we use U (1) symmetries of the gauge theory to determine the form of the nonperturbative corrections. In section 5 we use the Lie algebraic structure of the algebra of chiral rotations to prove that the algebra cannot get deformed nonperturbatively. This implies that the Wess-Zumino consistency conditions derived in section 4 are exact nonperturbatively. We use them to show for U (N ) in section 6 and for SO(N ) and Sp(N ) in section 7 that the generalized Konishi anomaly cannot have nonperturbative corrections except for nonperturbative renormalization of superpotentials of degree greater than 2l = 3c(Adj) − c(M atter). In section 8 we review the loop equations of the planar matrix model, considering them as anomalies of the matrix model free energy under reparametrization of the matrix M to highlight their similarity with gauge theory anomalies. In section 9 we discuss the implications of the results for the Dijkgraaf-Vafa conjecture.
The Algebra of Chiral Rotations
In [6] , a series of constraints for the chiral operators were derived by considering the possible anomalies of the chiral rotations δΦ = f (Φ, W α ) of the adjoint scalar field. These chiral rotations are generated by the operators
The action of the operators (2.1) on the single trace chiral operators
The classical commutation relations of the generators follow from the definitions (2.1)
where m, n ≥ −1. The last two commutators are trivially zero in the chiral ring because the third and higher powers of W α are chiral ring descendants. The L n 's form a partial Virasoro subalgebra which is extended by Q n,α 's and R n 's into a partial N = 1 superVirasoro algebra.
The scalar Φ and the gauge field are in the adjoint representation of the U (N ) gauge group so they do not couple to the diagonal U (1) gauge field. Hence shifting W α by an anticommuting number is a symmetry of the full gauge theory [6] . If we define the field W α = W α + 4πψ α where ψ α is an anticommuting c-number spinor then the generator of the shift symmetry is ∂/∂ψ α . Hence all expressions are independent of ψ α when expressed in terms ofW α and Φ. The shift symmetry combines the single trace chiral operators intõ
The shift symmetric generators of the chiral rotations are L n and
Shift invariance implies that the commutation relations can be written in terms of L n ,Q n,α andR n . We find that the shift invariant commutation relations are 
We use this equation together with the [L, R] commutator to get the {Q, Q} commutator.
Hence, the first and third commutator in (2.6) contain all commutation relations of the partial N = 1 super-Virasoro algebra.
Wess-Zumino Consistency Conditions for the Generalized Konishi Anomaly
Assume that the adjoint scalar has the tree level superpotential
The effective superpotential of the gauge theory is 2) where the path integral is over the massive fields in the presence of a slowly varying background gauge field. The effective superpotential has an anomaly under the chiral rotations generated by
The perturbative anomaly of the effective superpotential under the chiral rotationsR n were derived in [6] 
The equation (3.4) is obtained from the 1/z k+2 term of the equation (4.14) of [6] for the generating function for the generalized Konishi anomaly remembering that the g i in this
paper is g i−1 of [6] . The first part ofR k is the classical variation of the superpotential and the second part comes from the anomalous transformation of the measure of Φ under the chiral rotation. The anomalous divergence of the currents generating the chiral rotations
Hence the generalized Konishi anomaly, beingD α exact, is a chiral ring descendant. Setting (3.4) to zero gives nontrivial relations between the chiral operators, which enabled the authors of [6] to study the dynamics of the gauge theory and to give a partial proof of the Dijkgraaf-Vafa conjecture. We will return to this in more detail in the last section.
The Lie algebra structure of the chiral rotations implies relations between anomalies of different chiral rotations. These conditions were first discussed by Wess and Zumino [16] . They express the closure of the Lie algebra under commutation relations. For two chiral rotations R 1 and R 2 the anomaly of the effective superpotential under R 1 R 2 − R 2 R 1 must be the same as the anomaly under
The Wess-Zumino consistency conditions for the algebra of chiral rotations
In the shift invariant notation, we have
Let us verify that the perturbative anomaly (3.4) satisfies the Wess-Zumino consistency conditions. The calculations are routine so we will check only the first equation in (3.7). Expanding (3.4) with respect to ψ α we find using (2.4) and (2.5)
Subtracting from this the analogous expression for
which is the Wess-Zumino consistency condition (3.7) for the Virasoro subalgebra.
Nonpertubative Corrections
In this section we review the argument for the absence of the multi-loop corrections to the generalized Konishi anomaly and then discuss the structure of nonperturbative corrections. For this it is instrumental to study the U (1) symmetries of the gauge theory.
The gauge theory has two continuous symmetries, a standard U (1) R symmetry and a symmetry U (1) Φ under which the entire superfield Φ undergoes a rotation
We also introduce a linear combination of these, U (1) θ , which is convenient in certain arguments. These symmetries are symmetries of the theory with nonzero superpotential if we assign nonzero U (1) charges to the couplings g k .
The one-loop beta function coefficient is 2l = 3c(Adj) − c(R) where c(R) is the index of the representation R of the matter field
The shift invariantW α and the anticommuting shift c-number ψ α have the same U (1) charges as W α . These symmetries are violated at one loop. In the last line of the table (4.2) we have written the charges by which the anomalyR k violates the U (1) symmetries.
The higher loop computations are finite and the U (1) symmetries leave them invariant.
We are now ready to analyze the corrections to the generalized Konishi anomaly (3.4).
The corrections must have the same U (1) charges asR k . They are polynomial in the chiral operators. Furthermore, the corrections that depend on g k must vanish for the theory with zero superpotential and the nonperturbative corrections that depend on Λ 2l vanish when we take the strong coupling scale Λ to zero. Hence, the corrections to the anomaly are also polynomial in g k and Λ 2l . Referring to the table (4.2) we see that the only polynomials in 
Nonrenormalization of the Algebra of Chiral Rotations
In this section we prove the nonrenormalization of the algebra (2.3) of chiral rotations of the U (N ) adjoint scalar. Firstly we analyze in detail the corrections to the partial 
where a j n is the coefficient of the j-instanton correction to L n . The Virasoro generators are corrected which is natural considering that they act on the nonperturbatively corrected chiral operatorsr k . In terms of the new basis of generators L n the commutations relations of the partial Virasoro algebra remain valid nonperturbatively
Calculating the coefficients a j n which parameterize the nonperturbative corrections to L n 's is beyond the scope of the present paper. We will show instead that there is a choice of a j n 's for which the Virasoro algebra takes the standard form (5.3). This shows that the algebra itself is not corrected even though the Virasoro operators might receive corrections.
We make induction in the instanton number of the nonperturbative corrections. The coefficients b j m,n obey equations that follow from the Jacobi identity
On the zero instanton level the identity reduces to the Jacobi identity for the Virasoro algebra which is satisfied. On the one instanton level, we evaluate the commutators in (5.4) using (5.1) to find the coefficient of the Λ 2N L l+m+n−2N term which has to be zero
The one instanton corrections can be absorbed into one instanton corrections to L n 's (5.2).
The new commutation relations are Let us outline the first argument. We use shift symmetry to fix the nonperturbative definitions Q n,α , R n for n ≥ 2N using the nonperturbatively defined L n (5. The nonperturbative corrections to the first commutator in (2.6) that are allowed by shift symmetry are
because the ψ commutator only. To prove that these corrections vanish we evaluate the L, Q, R Jacobi Notice that r k for k > 1 are nonrenormalizable operators so their value depends on the renormalization scheme. It is natural to expect terms of the form (6.1) to relate the definitions of r k coming from different renormalization schemes. Hence we expect that the anomaly has generically terms proportional to Λ 2jN if we take some arbitrary prescription forr k .
However, there is a natural definition of the higher momentsr k . In the previous section we showed that there is a preferred basis for the generators of the chiral rotations R k in terms of which the partial super-Virasoro algebra takes the standard form (2.6).
We can use their action on the chiral operators to give a nonperturbative definition of nonrenormalizable operatorsr k for k > 1 in terms of the the first momentr k = L kr1 . It follows from the commutation relations (2.6) that remaining operatorsR k act on the chiral operators as before (2.2).
Having definedr k nonperturbatively, we can now show using the Wess-Zumino consistency conditions that the one-loop anomaly r irk−i in the path integral measure for Φ does not have nonperturbative corrections. We will also show that the consistency conditions allow nonperturbative renormalization of the superpotential. The consistency conditions of the full gauge theory (3.8) do not have nonperturbative corrections because their derivation rested only on the commutation relations of the super-Virasoro algebra (2.6) which are nonrenormalized. We deduced in section 4 using U (1) symmetries that the general form of nonperturbative corrections toR n is
In writing (6.2) we take g k = 0 for k < 1 and k > n + 1 to simplify the notation. We can consider the corrections to the the superpotential separately from the corrections to the one-loop anomaly. The corrections to the superpotential are proportional to Λ 2jN g i+2jN which have the same quantum numbers asr −i which does not exist. Hence the two types of corrections do not mix. It remains to consider the corrections to the classical part ofR n . We find from (6.2) that the first consistency condition (3.8) becomes 
The superpotentials of degree less than 2N + 1 cannot have noperturbative corrections. This is the only ambiguity that is not fixed by the consistency conditions. We could have anticipated it from the observation that both g i and Λ 2N are invariant under the chiral rotations hence substituting for g i any polynomial g i (g k , Λ 2N ) with the correct quantum numbers cannot spoil the Wess-Zumino consistency conditions whose validity depends only on the Lie algebraic structure of the chiral rotations. As noted around (6.1) the nonperturbative corrections depend on the scheme used to define the single trace operators r k . Using a different UV completion of the gauge theory changes the definition of the chiral operators hence it redefines the superpotential. For further discussion of Dijkgraaf-Vafa conjecture for high degree superpotentials, see [7] [8] and [9] .
SO(N ) and Sp(N ) Gauge Theories with Symmetric or Antisymmetric Matter
In this section we show that the previous analysis applies with minor modifications The generalized Konishi anomaly for the SO(N ) and Sp(N ) gauge theories has been derived in [17] , [15] and [14] 
where c k (R) depends on the representation R of the matter field
In section 5 we proved that the algebra generated by L k 's and R k 's where k ≥ −1
does not get renormalized. This is the algebra for symmetric SO(N ) and antisymmetric 
Virasoro Constraints for the One-Matrix Model
In this section we review the exact constraints for the planar level free energy F m of the one-matrix model [18,19.] We consider the U (N ) matrix model that is related to the U (N ) gauge theory with the adjoint scalar. The SO(N ) and Sp(N ) matrix models are treated similarly. We derive the loop equations by considering the Virasoro algebra of redefinitions of the matrix M. This highlights the similarity of the algebraic structure of the loop equations with the gauge theory anomalies. The partition function of the matrix model is
where 
They form a partial Virasoro algebra
where k, l ≥ −1. Acting with ǫR m,k on the free energy F m we obtain the following identity
Expanding (8.4) to first order in ǫ we have
To evaluate the Jacobian we write
Hence the variation of the free energy is
In the largeN limit the expectation values of products U (N ) invariant operators factorize
Tr M k we rewrite (8.7) in the largeN limit as 
It is easy to verify that (8.8) satisfies the consistency conditions (8.9) . Similarly one can
show that the full matrix model loop equations (8.7) satisfy (8.9). The answer (8.8) is exact in the planar limit of the matrix model, hence we do not need the consistency conditions in this paper.
Implications for the Dijkgraaf-Vafa conjecture
Let us discuss the implications of the above results for the relation between the matrix models and the supersymmetric gauge theories. We will consider the U (N ) gauge theory [20] . The U (1) photinos of the U (N i ) subgroups can have arbitrary vacuum expectation value. These values determine all moments of the gaugino field Tr Φ k W α [21] . Hence the isolated massive vacua come with a 2r-dimensional fermionic moduli space where r is the rank of the low energy gauge group.
In conclusion, matrix model determines the expectation values of all chiral operators up to the choice of the gauge symmetry breaking pattern and k independent expectation values of the U (1) photino condensates.
The generalized Konishi anomaly can be viewed as the equation of the curve
where y is the generating function of the glueball moments [6] . This curve is identified with the matrix model curve using (9.1) which is the same as identifying the polynomials
The results from section 6 on nonperturbative corrections to the Konishi anomaly imply that the gauge theory curve does not have nonperturbative deformations for superpotentials of degree less than 2N + 1. Hence for these superpotentials the curve of the full gauge theory agrees with matrix model curve. For higher degree of the superpotential the curve can get deformed. We have identified that the only possible deformation of the curve is the nonperturbative renormalization of the superpotential. This is so essentially because the form of the curve is uniquely fixed from the Virasoro symmetry and we know from section 5 that the extended Virasoro symmetry is exact in the full gauge theory. For given f (z) = f m (z), the coefficients of the superpotential are the only parameters of the curve.
The effective superpotential and the matrix model free energy are generating functions for chiral operators and for the moments of M respectively
To relate W ef f and F m , we use shift symmetry to generalize the first equation in (9.3) to a generating function for TrW 2 Φ k . The effective superpotential is invariant under shift symmetry so it can be written as
for some function F . We use (9.4) to rewrite the first equation in (9.3) as
Hence we have the relation [6] 
where H(S i ) is a coupling independent function. Similar relations for the Sp(N ) and SO(N ) gauge theory are given in [14] and [7] . The derivation of the relation (9.6) rests on the Konishi anomaly equations and on the validity of low energy description of the gauge theory in terms of the glueball fields S i . The nonrenormalization of the Konishi anomaly implies that F does not have additional nonperturbative corrections, whence the relation (9.6) is valid nonperturbatively. The derivation of the nonperturbative exactness of the Konishi anomaly is the first step in a full proof of the Dijkgraaf-Vafa correspondence. where the first equality comes from the recursive definition of Q n+1,α , the second from Jacobi identity, the third from the induction hypothesis and the nonrenormalization of the Virasoro algebra and the last equality is again from the recursive definition of Q n+1,α .
We show the absence of corrections to the remaining [L, Q] commutators by commuting them with L 0 and then using Jacobi identity and the commutators we showed above to be 
